



















Spatial Entanglement From Off-Diagonal Long Range Order in a BEC
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We quantify the spatial entanglement in an ideal bosonic gas around the transition temperature
for condensation (TC) by probing the gas with two localised quantum harmonic oscillators. We
show that spatial entanglement in the gas is directly related to the off diagonal long range order
(ODLRO) of the system and hence to the onset of condensation.
PACS numbers:
Entanglement has been the subject of intense investi-
gation since it was realised that its presence in quantum
physics allowed for new fast algorithms in computation
and new methods of communication [1]. For full scale
development of a quantum computer many entangled
qubits will be required, and as coherent control over a
large number of these would be difficult, it makes sense to
study systems that already possess an amount of natural
entanglement, for instance spin systems [2, 3, 4] and spa-
tial regions in a Bose gas [5, 6]. Moreover entanglement
is involved in phase transitions in spin chains [9, 10, 11]
and in superconductivity and superfluidity[12].
Ideally one would like to quantify the many-body en-
tanglement and extract it for other purposes, but this can
be difficult using existing entanglement criterion. One
approach that has been taken is to use macroscopic vari-
ables, such as temperature [13], magnetic susceptability
[14, 15] and heat capacity [16], to witness the entan-
glement. Then, once entanglement has been found be-
tween a set of subsystems, localised probes can extract
it by interacting with the subsystems in a suitable way
[17, 18, 19].
In this letter, unlike these previous approaches, we use
two localised probe systems to measure the spatial entan-
glement in a Bose gas, thereby skipping the need to find
an entanglement witnesses. When we speak about spa-
tial entanglement we mean that the state of two localised
regions of the gas cannot be written as a sum of the prod-
uct of the two and exhibits non-local correlations. More
importantly, we show that these correlations only exist
below the critical temperature for a BEC (TC) and hence
are directly related to the off-diagonal long range order
(ODLRO) of the system.
In a BEC ODLRO [20, 21] is present in its sim-
plest form when the one-body reduced density matrix
ρ1(~r, ~r
′) = 〈Ψ†(~r)Ψ(~r′)〉 is finite as |~r − ~r′| → ∞ and
testifies that two distance points of a BEC have become
strongly correlated. The onset of ODLRO is indicative
of the onset of a new thermodynamic phase of the sys-
tem. As the one-body density matrix can be expressed in





connect the ODLRO with the eigenvalues Nk - the num-
ber of particles occupying the single-particle states φk of
a system . For instance a BEC occurs when the lowest
of the single particle states φ0 is occupied in macroscopic
way N0 >> 1.
It is well known that the state of a Bose gas depends
very much upon its temperature with all the atoms con-
densing into the ground state below TC . In this regime
quantum effects appear on a macroscopic scale. As en-
tanglement is purely a quantum effect we would expect
the amount of it to increase accordingly as the temper-
ature is lowered past TC . So let us take a gas of non-
interacting bosons in thermal equilibrium described by
the density operator ρG = exp(−(HˆG − µNˆ)/kBT ) of
the grand canonical ensemble, where HˆG is the Hamilto-
nian of the gas, µ is the chemical potential, kB is Boltz-
mann’s constant and T is the temperature of the system.
The gas is contained in a quantisation box of volume
V = L3 (Fig. 1) with periodic boundary conditions and
occupies modes, weighted by the temperature, charac-
terised by the plane waves φ~k(~r) = V
− 12 exp(i~k ·~r), where
ki = 2πli/Li, i = x, y, z and li are the wave quantum
numbers in the x, y and z direction. The free Hamilto-





As we are interested in spatial entanglement we need
to define two separate regions (A and B) in the gas. We
FIG. 1: A confining box of volume V = L3 contains a bose gas
(small spheres) at temperature T . Two quantum harmonic
oscillators A and B (large darker spheres) interact with two
distant localised regions of the gas. The distance between the
probes is given by LAB = |~r − ~r
′|.
2can in fact achieve this in a very natural way using the
effective volumes of two probe systems to define the vol-
umes ΩA and ΩB of the regions, which are approximated
by spheres of radius R. Here, the probes are two lo-
calised quantum harmonic oscillators of large frequency
that come into contact with the regions A and B for
some interaction time tint. Probe SA interacts only with
region A and probe SB interacts only with region B.
As we are investigating spatial entanglement the inter-
action Hamiltonian must couple the position of the gas
to a degree of freedom of the probe. Our Hamiltonian
is H(t) = HG + Γ(t)HI , where the coupling HI is thus
given by
HI = QAPSA +QBPSB (1)
where QA(B) is the position of the gas that is coupled to
the momentum of the probes PSA(B) .
The probes and the gas necessarily start in a separable
state w.r.t. one another, namely ρ(0) = ρG ⊗ |00〉〈00|
(where |00〉 = |0〉A|0〉B). If the interaction time tint = δt
is short enough the unitary operator U = exp(i
∫
H(t)dt)
is expressed as U ≈ [1 + i(δtHG + ΓHI)] where Γ =∫ δt
0
dtΓ(t). After the interaction the probes and the gas
are described by the state ρ(δt) = Uρ(0)U †, which can be
reduced to the state of the probes ρAB by tracing out the










1 iΓ〈QA〉 iΓ〈QB〉 0
−iΓ〈QA〉 Γ2〈Q2A〉 Γ2〈QAQB〉 0
−iΓ〈QB〉 Γ2〈QAQB〉 Γ2〈Q2B〉 0
0 0 0 0

 .
Here the normalisation is N = 1+Γ2(〈Q2A〉+〈Q2B〉) where
〈O〉 denotes Tr(Oρ). Note that the probability of the
probes being in the |11〉〈11| state goes as Γ4 which is
much smaller than the other terms and can be set to zero.
We call this the short interaction time approximation and
we will speak about it again later.
The position observables are QA(B) =∫
d~rΨ†(~r)fA(B)(~r)Ψ(~r), where fA(b)(~r) is a real, positive
function that defines the shape of our regions. The
coefficients 〈Q2A〉 etc are evaluated in the momentum
















where n is the density of bosons.
Here the state of the probes has been related to the re-
duced one-body density operator ρ1(~r, ~r
′) = 〈Ψ†(~r)Ψ(~r′)〉
and the pair distribution function g(~r, ~r′;~r, ~r′) =
n−2〈Ψ†(~r)Ψ†(~r′)Ψ(~r)Ψ(~r′)〉 of the gas. As the system
is translationally invariant one can express ρ1 and g as
functions of ~r − ~r′ as










and because we are dealing with a non-interacting gas
one can then write the pair distribution function as
g(~r − ~r′) = 1 + (ρ1(~r − ~r′)/n)2. (5)
Let us take a closer look at the final state of the probes.
The presence of the |00〉〈00| term means that neither of
the probes have interacted with the gas and if we include
this term in the analysis of entanglement we find that
the probes are in a separable state w.r.t. one another.
However if we insist that one of the two probes is in
the first excited state, (we do not go higher than the
first excited state as we have assumed a short interaction
time) we find entanglement. Mathematically we project
ρAB into the subspace spanned by the projector Pˆ =
1 − |00〉〈00|. The two probes are now in an entangled
state, but because we have used a global operation we
should not say that we have extracted any entanglement
from the gas. As the same projection has been applied
to the probes regardless of the temperature of the gas
any change we find in the entanglement of the probes
comes from a change of entanglement in the gas. The
maximum amount of ’false’ entanglement that has been
generated by this projection will be calculated later and
will be taken as our zero (background) level.
We can now investigate the increase in spatial entan-
glement of the gas from the false background level by
quantifying the entanglement between probes. By us-
ing the method described above we have managed to re-
duce a many-body entanglement problem into a typical
qubit one and hence we can apply the negativity [22] to
quantify it. The negativity is defined as the sum of the
negative eigenvalues of a density matrix after the partial
transpose operation has been applied and in our case it
will measure the entanglement in the projected density
operator of the two probes. Thus the negativity N reads



















where we have taken the volumes of the two regions to be
equal, ΩA = ΩB = Ω. It is clear to see that the negativity
will be affected by the behaviour of the reduced one-body
3density matrix ρ1(~r − ~r′). Thus spatial entanglement is
related to ODLRO.
The presence of ODLRO in a Bose gas is indicative of
the new condensed phase so our task now is to compute
the integrals in the negativity N and check that there
is an increase in the amount of entanglement below TC
as previously reasoned. There are two double integrals
in N over ρ1(~r − ~r′)2, which over the two separate vol-
umes A and B we will call IAB1 and the integral over the
same volume (A for instance) in the denominator shall
be denoted by IAA1 . We use the expression given in (3)
as our starting point and remember that we must treat
the ground state separately when temperatures below TC
are considered. We approximate the sum over momenta
in (3) as an integral and after some manipulation we can
write the one-body density operator as
ρ1(~r − ~r′) = z
λ2
exp







where n0 is the ground state density and should only
be included when the gas is below TC . The fugacity
is denoted by z and is equal to z = exp(βµ) and λ is







2 , where in the last equality we have
used an expression for TC [24].
We now evaluate the two integrals above TC where
we do not need to add the final term in (7). Firstly we
compute IAA1 to be




1− 2κ2R2 + 8
3
κ3R3
−(1 + 2κR) exp (− 2κR)], (8)
where κ = 2
√
4π(1− z)/λ. For IAB1 , the two regions A
and B are far apart and their radius R is considered to
be much smaller than the distance between them both.
Thus the distance |~r − ~r′| in the integral IAB1 is large
and can be set to a constant LAB = |~r − ~r′| as it does
not change much over the comparatively small volume of
the regions Ω. As we are investigating the relationship
of spatial entanglement to ODLRO, the distance LAB
between the two regions is taken to infinity LAB → ∞,
which means that IAB1 (T > TC) = 0.
Below TC we must include the ground state density n0
in ρ1(~r−~r′) (7), which means that IAB1 (T < TC) = n20Ω2,
where again the distance LAB → ∞. Finally the double
integral over the same region IAA1 (T < TC) was found to
be
IAA1 (T < TC) = n20Ω2 + IAA1 (T > TC) + n0I ′, (9)
where
I ′ = 8πz
κ5λ2
[
1− κ2R2 + 2
3
κ3R3
−(1 + 2κR+ κ2R2) exp (− 2κR)]. (10)
The expression (9) includes the integral IAA1 (T > TC)
and two additional terms that arise from the inclusion
of the ground state density n0 in the one-body reduced
density operator ρ1(~r−~r′). Here the ground state density
is n0 = n[1 − (T/TC) 32 ] and as we set the ground state
energy to zero, we use µ = −kBT ln(1 + 1/N0) [24] to
determine the small correction to the chemical potential.
It is clear to see that as T → TC the ground state density
tends to zero n0 → 0 and the integral IAA1 (T < TC)
approaches IAA1 (T > TC).
With the integrals computed the focus can shift back to
the negativity (6), which should be evaluated for a range
of temperatures and the densities. However, care must be
taken as the short interaction time approximation, which
enabled us to set the coefficient of the |11〉〈11| to zero, no
longer holds for some high densities. Therefore we must
check how the coefficients in the reduced density matrix
of the probes ρAB vary with the density n. Focusing only
on terms with the highest powers of the density n, the co-
efficients in ρAB are related to n in the following way. The
element corresponding to the states |01〉〈01| and |10〉〈10|
is Γ2〈Q2A〉 ∝ Γ2n2Ω2 and the element corresponding to
|11〉〈11| goes as Γ4〈QAQBQAQB〉 ∝ Γ4n4Ω4. Thus for
our approximation to be valid the quantity ΓnΩ << 1
must stay small over all densities so that it is still safe
to neglect the |11〉〈11| term from the final state of the
probes. In contrast if ΓnΩ > 1 even though Γ << 1, the
state |11〉〈11| (and states of the probes with even higher
excitations) would dominate.
We would now like to see how the negativity alters for
a wide range of densities in the neighbourhood of TC .
However, we will not plot the negativity as defined in (6)
but we will weight it with the probability tr[Pˆ ρAB] of the
probes being in either of the two excited states after the
projection. We call the resulting quantity the weighted
entanglement E , which is given by





Γ2(n2Ω2 + ρAB1 )
1 + 2Γ2(nΩ+ n2Ω2 + ρAA1 )
. (11)
It is important that the negativity is weighted in this way
as there is no point talking about entanglement between
the probes if the probability for them to be in a certain
state after the projection is zero.
The projection was a global operation that can ar-
tificially increase the amount of entanglement between
the probes. We must therefore ask ourselves, what the
maximum amount of false entanglement EF between the
probes due to the projection is. By considering a gener-
alised state |Ψ〉 = |ψ〉⊗|ψ〉where |ψ〉 = √1− ǫ|0〉+√ǫ|1〉,
we calculate the maximum amount of false entanglement
that can be generated by acting on |Ψ〉 with the projec-
tor Pˆ = 1 − |00〉〈00|. To represent the short interac-
tion time approximation ǫ << 1 is taken and the term





















FIG. 2: The surface depicts the amount of weighted entan-
glement E (11) for Γ = 0.01, R = 0.1 and N = 105 as a
function of the temperature of the gas and the density. The
critical temperature for condensation is one TC = 1 on our
scale. Above TC , the constant amount of entanglement be-
tween the probes is exactly the maximum amount of false en-
tanglement EF (see text) generated by the global projection
onto an entangled state. As the temperature drops below TC ,
the amount of entanglement between the probes increases sig-
nificantly above EF and is therefore genuine. This shows that
spatial entanglement is directly related to ODLRO.
where the two probes are both excited |11〉 can be set
to zero. The amount of false entanglement generated is
EF = ǫ2(1 − ǫ)2/(1 − ǫ2), where here the negativity has
been weighted with the probability of finding the probes
in the state spanned by the projector Pˆ . If we choose
ǫ = 0.01 so that it is consistent with ΓnΩ ≈ 0.01 used
in our calculation, the amount of false entanglement is
EF ≈ 10−4, which is the same as the constant amount of
entanglement above TC in figure (2), for n = 250, namely
E = 1.09 ∗ 10−4 . This demonstrates that above TC the
entanglement between the probes occurs solely because
of the projection, but below TC the increase in entan-
glement between the probes exceeds EF and must come
from the entanglement of the gas.
The amount of weighted entanglement E behaves as
expected and only increases below TC where ODLRO is
present (see Fig. 2). ODLRO and spatial entanglement
of a BEC are directly related. Interestingly we can now
use EF as the reference level of entanglement, set it to
zero and use E as an order parameter for a BEC, which
must be zero above TC and finite below TC .
In this letter we have presented a new operational
method, where we reduce a many-body entanglement
problem to a two qubit one by allowing two probe systems
to locally interact with two distant regions of the gas,
for investigating spatial entanglement in a BEC. Gen-
uine spatial entanglement is shown to only exist below
TC and is therefore related to ODLRO.
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